We analyze mathematical properties of apportionment functions in the context of allocating seats in the European Parliament. Some exemplary families of such functions are specified and the corresponding allocations of seats among the Member States of the European Union are presented. We show that the constitutional constraints for the apportionment are so strong that the admissible functions lead to rather similar solutions.
Introduction
One of the major mathematical approaches to the problem of allocating seats in the European Parliament can be described by the following general scheme. First, one has to choose a concrete characterization of the size of a given Member State i by a number p i (for example, equal to the total number of its inhabitants, citizens, or voters 1 ) we call here population, and precisely define by which means these data should be collected and how often they should be updated. Then, one needs to transform these numbers by an allocation (or apportionment) function A belonging to a given family indexed (usually monotonically and continuously) by some parameter d, whose range of variability is determined by the requirement that the function fulfills constraints imposed by the treaties: is non-decreasing and degressively proportional.
Additionally, the apportionment function satisfies certain boundary conditions, A (p) = m and A (P) = M, where the population of the smallest and the largest state equals, respectively, p and P, and the smallest and the largest number of seats are predetermined as, respectively, m and M. (In the case of the European Parliament these quantities are explicitly bounded by the treaty, m ≥ M min = 6 and M ≤ M max = 96.) To obtain integer numbers of seats in the Parliament one has to round the values of the allocation function, e.g., using one of three standard rounding methods (upward, downward or to the nearest integer). Finally, one has to choose the parameter d in such a way that the sum of the seat numbers of all Member States equals the given Parliament size S , solving (if possible) in d the equation
where N stands for the number of Member States, p i for the population of the i-th state (i = 1, . . . , N), and [·] denotes the rounded number. Though usually there is a whole interval of parameters satisfying this requirement, nonetheless, in a generic case, the distribution of seats established in this way is unique. Thus, this technique bears a resemblance to divisor methods in the proportional apportionment problem applied first by Thomas Jefferson in 1792 (Balinski & Young, 1978 , Toplak, 2009 ). The crucial role in this apportionment scheme plays the notion of degressive proportionality. The principle of degressive proportionality enshrined in the Lisbon Treaty was probably borrowed from the discussions on the taxation rules, where the term has appeared already in the nineteenth century, when many countries introduced income tax for the first time in their history (Young, 1994) . It was already included in the debate on the apportionment in the Parliament in late 1980s, but at first, it was a rather vague idea that gradually evolved into a formal legal (and mathematical) term in the report Lamassoure & Severin (2007) adopted by the European Parliament. There were also suggestions to apply this general principle to other parliamentary or quasi-parliamentary bodies like the projected Parliamentary Assembly of the United Nations (Bummel, 2010) .
In fact the entire problem of apportionment of seats in the Parliament is mathematically similar (not counting rounding) to the taxation problem, what is illustrated in the table below.
In consequence, the similar mathematical tools can be used to solve both of them; see for instance Young (1987) , Thomson (2003) , Kaminski (2006) , Hougaard (2009) Ju & Moreno-Ternero (2011), and Moreno-Ternero (2011) , where the authors use the above presented scheme to consider possible parametric solutions of the taxation problem or the dual profit-sharing problem. Of course, the analogy has clear limitations since income and post-tax income are calculated in the same units, whereas population and seats are not. Moreover, money is (at least theoretically) infinitely divisible, while seats are indivisible.
Although quite a novelty in politics, nevertheless, the concept of degressive proportionality is not entirely new in mathematics. It was already analysed in late 1940s under the name of 'quasi-homogeneity' by Rosenbaum (1950, Definition 1.4 .1), see also Kuczma (2009, p. 480) , and since then studied also under the name of 'subhomogeneity', see e.g. Burai & Száz (2005) . Moreover, an increasing function such that its inverse is degressively proportional (and so it is an allocation function) is called 'star-shaped' (with respect to the origin) in the mathematical literature. In other words, the function is degressively proportional if and only if the lines joining points lying below its graph with the origin do not cross the graph. Star-shaped functions were introduced in Bruckner & Ostrow (1962) , and since then have been studied in many areas of pure and applied mathematics, see e.g. Ding & Wolfstetter (2009 ), Dahm (2010 . Thus, the results concerning this class of functions can be applied, mutatis mutandis, to degressively proportional functions.
Note that in the original definition of the degressive proportionality formulated in Lamassoure & Severin (2007) it was postulated that this property holds for the number of seats after rounding the values of the allocation function to whole numbers. However, one can show that there exist such distributions of population that there is no solution of the apportionment problem satisfying so understood degressive proportionality (Ramírez González, 2010 , Grimmett et al., 2011a . In particular, such difficulty arises in situations where there are a number of Member States having similar populations. Consequently, in Grimmett et al. (2011a) it was recommended to weaken this condition and to amend the definition of degressive proportionality assuming that 'the ratio between the population and the number of seats of each Member State before rounding to whole numbers must vary in relation to their respective populations in such a way that each Member from a more populous Member State represents more citizens than each Member from a less populous Member State'. This proposal has been recently approved by the The Constitutional Affairs' Committee of the European Parliament (AFCO). For the detailed mathematical analysis of the original definition of the degressive proportionality, see Łyko et al. (2010) , Cegiełka (2011 ), Florek (2011 ), and Serafini (2011 .
In this paper we describe several exemplary families of allocation functions and discuss their fundamental properties. Mathematical technicalities collected in Sect. 3-5 can be skipped by more practically oriented readers, who may proceed to Sect. 6, in which general results are applied to the European Parliament.
Allocation functions -definition and examples
Before selecting an allocation function A one needs to specify the boundary conditions m and M, which denote the number of seats for the smallest and the largest member state, with population p and P, respectively. In the case of the European Parliament, the treaty sets the following bounds only: m ≥ M min = 6 and M ≤ M max = 96.
1. (monotonicity) A is non-decreasing; 2. (degressive proportionality) A is degressively proportional, i.e. the function t → A (t) /t is non-increasing.
We shall also consider the situation where P = M = +∞, assuming then that A : p, +∞) → [m, +∞). For the sake of brevity we shall omit the word 'degressive' and instead of saying that 'A is a degressive allocation function' we shall simply say that 'A is an allocation function'.
Below, we consider several families of allocation functions fulfilling additionally boundary conditions: A (p) = m and A (P) = M. Each of them depends on one (free) parameter (d) with its range of variability determined by other assumptions imposed on A. For instance, in case of the allocation of seats in the Parliament, the parameter d is set by the constraint (1) that the total size of the House is fixed.
Note also that the actual value of the constant d changes from one allocation function to another.
1. base+prop functions -the 'floor' version:
where
; then the function is convex; and the 'cup' version: 
for t ∈ p, P , and thus it is bounded from below by a base+prop+floor function (d := P/M), and from above by a base+prop+cup function (d := p/m). 2. piecewise linear functions:
where 
Depending on the system constraints M, m, P, p and the parameter d determined by the total size S of the House, the function is convex or concave. In particular, if
with Θ := m/p−M/P P−p , the function (7) is convex. In the case
the parabolic allocation function is concave. 4. base+power functions:
In the first case the function is concave, in the second convex. In the limiting case (d → 0) we get a logarithmic function:
which is an allocation function, if M/m − 1 ≤ ln (P/p). 5. homographic functions:
In the first case the function is concave, in the second convex. In the limiting case (d → ±∞) we get a linear function.
All five families discussed above share a common element: the linear (affine,
On the other hand, if
≡ const ≤ 0, then A must be a quadratic function given by (7) with d = 0, i.e.,
Some of the above solutions were already discussed in the literature, also in the context of the European Parliament.
The base+prop class which seems to lead to the simplest of all these methods was first analysed in Pukelsheim (2007 Pukelsheim ( , 2010 , see also Martínez-Aroza & Ramírez-González (2008 , and became the basis for the recent proposal, called 'Cambridge Compromise', elaborated in January 2011, and discussed later by the Committee on Constitutional Affairs (AFCO) of the European Parliament (Grimmett, 2011 , Grimmett et al., 2011a . Here we present this method in the 'spline' form, see Martínez-Aroza & Ramírez-González (2008) . Likewise, one of the methods of apportionment of seats in the projected Parliamentary Assembly of the United Nations is based on this model (Bummel, 2010, p. 25) . Note that, in fact, the composition of the Electoral College that formally elects the President and Vice President of the United States of America also reflects the base+prop scheme, where each state is allocated as many electors as it has Senators (equal base) and Representatives (proportional representation, with at least one seat per state) in the United States Congress. The idea of combining these two approaches to the apportionment problem was first put forward by one of the Founding Fathers of the United States and the future American President, James Madison in 1788 (Madison, 1788) .
The quadratic (parabolic) method was proposed and advocated by Ramírez González and his co-workers in a series of papers (Ramírez González, 2004 , Ramírez González et al., 2006 , Martínez-Aroza & Ramírez-González, 2008 , Ramírez González, 2010 .
The methods of apportionment of seats in the European Parliament using base+power functions were also considered by several authors, see Theil & Schrage (1977) Grimmett et al. (2011b) and Moberg (2011) . Note that a similar method was proposed for solving the taxation problem already in the nineteenth century by a Dutch economist Arnold Jacob Cohen-Stuart (Cohen-Stuart, 1889). Moreover, the variant of this method (using the square-root function) was also considered in Bummel (2010, p. 27) .
As far as we know, out of five families presented above, only the piecewise linear family has not yet been analysed in detail in the European Parliament context, since the homographic functions have been independently studied under the name of projective quotas by Serafini (2011) . On the other hand, yet another class of 'linear-hyperbolic' functions was used both in the apportionment problem for the European Parliament (Słomczyński &Życzkowski, 2010) as well as in the tax schedule proposed by a Swedish economist Karl Gustav Cassel at the beginning of the twentieth century (Cassel, 1901) . Note, that also the proportional apportionment method with minimum and maximum requirements (Balinski & Young, 2001 , Martínez-Aroza & Ramírez-González, 2008 can be described within this general framework, taking (neither concave nor convex) apportionment function A given by A(t) = med(m, dt, M), where M/P < d < m/p, and med stands for the median value of three.
For a simple and general algorithm of constructing families of allocation functions see Sect. 5.
Allocation functions -necessary and sufficient conditions
In this section we present several simple propositions that give necessary and sufficient conditions for a function A :
p, P → [m, M] to be a (degressive) allocation function. Almost all these facts belong to mathematical folklore, but we provide short proofs here for the completeness of presentation. First of all, observe that an allocation function needs to be continuous, because, as a non-decreasing function, it can only have jump discontinuities, but this contradicts degressive proportionality. We start from a simple characterization of allocation functions.
Proposition 1. A is an allocation function if and only if
or equivalently
for every s, t ∈ p, P .
See also Peetre (1970, p. 327) .
Note that A need not be neither concave nor convex. (Consider, e.g., the allocation function A :
, that has an inflection point at t = 4.) However, if A is an allocation function, then it can be bounded from above by its greatest convex minorant and from below by its least concave majorant. Because of this, it cannot be neither 'too convex' nor 'too concave'. Proof. For t ∈ p, P we have
Corollary 2. If A is an allocation function, then
A (t). The proof for the greatest convex minorant is analogous.
The next proposition gives a sufficient condition for a convex or concave non-decreasing function to be an allocation function.
Proposition 3. If A is non-decreasing, concave and fulfills A (t) /t ≤ A (p) /p for all t ∈ p, P , or if it is non-decreasing, convex and satisfies A (t) /t ≥ A (P) /P for all t ∈ p, P , then A is an allocation function. In particular, every concave function
is an allocation function restricted to any interval p, P for 0 < p < P.
Proof. In the former case to show that A is degressively proportional, it is enough to observe that A (s) ds ∈ [0, M] is concave, since A(t)/t = a ′ (t) + a (t) /t for 0 < t ≤ P and both components are non-increasing functions of t in this case, see Bruckner & Ostrow (1962, Theorem 5) .
We call a function A : See also Rosenbaum (1950, Theorem 1.4 .3) and Hille & Phillips (1957, Theorem 7.2.4) .
Proof. Let s, t, s + t ∈ p, P . From the degressive proportionality we get
The converse implication fails in general, but it holds for convex and non-decreasing functions. Proof. According to Proposition 4 it is enough to show that convex, non-decreasing and subadditive function is degressively proportional. Let
Allocation functions -concave or convex?
Analyzing possible schemes of allocating seats in the European Parliament several authors consider only concave allocation functions (Martínez-Aroza & Ramírez-González, 2008 . However, as we have seen above, in the class of degressively proportional functions convex and concave functions seem to play similar roles, and both types of functions are represented in each of five basic classes considered.
The affine allocation function (which lies on the border between the concave and the convex realm) can serve as a solution of the apportionment problem if and only if
This, however, is only an approximate statement because the effect is influenced by the rounding procedure. Thus, in a concrete case, whether convex or concave functions should be used in the allocation scheme depends approximately on the sign of the expression
and
where P and M denote, respectively, the mean population of a country and the mean number of seats per country, we see that the solution of the dilemma depends on which of two numbers is greater ρ or µ. If ρ ≥ µ one should use concave functions for resolving the problem, if ρ ≤ µ, convex. Since
where T is the total population of the Union, S is the size of the House, and N denotes the number of the Member States, the inequality ρ ≥ µ can be rewritten in the following form affine in T , S , and N:
In particular, this implies that any accession of a new state of moderate size (to leave p and P unchanged) to the Union (which means T, N ↑), keeping 'constitutional' parameters (m, M, S ) fixed, reduces the probability of finding concave solution of the apportionment problem. Furthermore, the right hand side of (21) is a decreasing function of both m and M (as long as Nm < S < N M, which is both a natural and necessary assumption) and an increasing function of S . In consequence, seeking concave solutions, one has either to enlarge the size of the House, or to lower the number of seats assigned to the smallest or to the largest Member State (or both). Note, however, that the treaties define only the minimal (M min ) and maximal (M max ) numbers of seats in the Parliament, requiring merely that m := A (p) ≥ M min and M := A (P) ≤ M max , as well as the value of S . While we have to set the exact values of m and M to start the allocation procedure described in Sect. 1, our choice is formally limited only by these inequalities. Thus, if we believe that the concavity is a desirable feature of an allocation function and it should be possibly incorporated to its definition, we have to agree that the enlargement process will result at some point (defined in fact by the equality in (21)) in lowering the value of M below M max . The only other solution of this problem one can imagine is to introduce an amendment to the treaty either decreasing the minimal number of seats M min or increasing the total number of seats S . However, these two alternatives may be difficult to accept for political reasons, and in this case decreasing the number M seems to be the most feasible solution of the problem within the 'concave' realm.
Degressive proportionality through logarithmic eyes
We believe that it is sometimes better to analyse allocation functions in logarithmic (log-log) coordinates, since this approach provides us with a number of benefits, namely:
• It is more convenient to plot a graph of population-seats relationship in these coordinates, and so, to compare different allocation methods, since we have more small than large member states in the European Union. NB, this is quite a natural situation from the statistical point of view ('the larger the fewer').
• In this setting it is easier to express our assumptions (monotonicity and degressive proportionality) in a uniform way.
• This approach gives us a better framework to analyse certain additional properties of allocation methods.
for x ∈ ln p, ln P . In other words,
The choice of a logarithmic base corresponds to the choice of a unit and is not important here.
Proposition 6. Assume that a function A : p, P → [m, M] is differentiable. Then the following equivalences are true:
In particular, the above statement gives us a clear mathematical interpretation of degressive proportionality. Now, our task can be reduced to a search for a function L : log p, log P → log m, log M fulfilling 0 ≤ L ′ ≤ 1. These can be smoothly realized in a three-fold way:
2. L is convex (i.e. L ′ increases from, say, 0 to 1) (i.e. A is geometrically convex, see Matkowski (1997) ); 3. L is concave (i.e. L ′ decreases from, say, 1 to 0) (i.e. A is geometrically concave, see Matkowski (1997) ).
The first scenario leads to the power function (or in other words, a base+power function with the base 0) given by A(t) := b t d * , where
(ln m)(ln P)−(ln M)(ln p)]/ ln(P/p) . (24)
Rather surprisingly, the distinction between the second and third possibility seems to have a clear interpretation in terms of properties of allocation function A, namely, the properties of sub-and superproportionality. The notion of subproportionality and the dual notion of superproportionality were introduced into the decision theory by Daniel Kahneman, a Nobel Prize laureate in economy, and Amos Tversky, a mathematical psychologists, in 1979 (Kahneman & Tversky, 1979) and since then used by many authors, see e.g. Al-Nowaihi & Dhami (2010) . Let us recall their definition.
Definition 3. We say that A is superproportional (subproportional) iff for every s, t ∈ dom(A), s ≤ t and 0 ≤ r ≤ 1 such that rs, rt ∈ dom(A) we have
Proposition 7. Let L : log p, log P → log m, log M and A = exp •L • log. The following equivalences hold:
• L is concave iff A is subproportional.
This property is equivalent to convexity of L. The proof of the second equivalence is analogous.
To illustrate this property consider two pairs of member states, Romania/France and Lithuania/Hungary, with the similar population quotient (s/t ≈ 1/3) and another such configuration: Finland/Portugal and Latvia/Ireland (s/t ≈ 1/2). In Tab. 1. the values of seat quotients for five methods analysed in Sect. 2 are shown. Note that in all these cases the seat quotient for the 'smaller' pair is greater than for the 'larger' one. Using other words, a superproportional method leads to the following property of an allocation system (at least before rounding):
The smaller a pair of states is, the larger is the gain of the small member in the pair over the large one.
Thus, this is in fact a kind of degressive-degressive proportionality. It is easy to show that if an allocation function A is subproportional, then it must be concave, and if it is convex it is necessarily superproportional.
This approach leads also to a simple algorithm for constructing allocation functions, see also Al-Nowaihi & Dhami (2010, Sect. 4) . Choose a continuous function h :
Solving the first-order homogeneous linear differential equation of the form
with the initial condition A (p) = m we get the allocation function given by the formula
that fulfills also the final condition A(P) = M. In fact, every differentiable allocation function can be obtain in this way. Moreover, A is superproportional (resp. subproportional) iff h is increasing (resp. decreasing), which provides a simple test for checking superproportionality.
To illustrate this technique consider the function
where the exact value of c :=
is determined by the integral condition (26), and we assume additionally that either d 1 < d ≤ 1, where
in order to ensure that 0 ≤ h ≤ 1. Applying (28) we get a base+power function A given by (10). Clearly, the function h defined by (29) is increasing for c > 0 and decreasing for c < 0, and so the necessary and sufficient condition for A being superproportional (resp. subproportional) in this case is that c > 0 (resp. c < 0) or equivalently
Summarizing, we have five possible forms of the base+power allocation function:
• concave and subproportional function for
• power function for d = d * ;
• concave and superproportional function for d * < d < 1;
• affine function for d = 1;
• convex and superproportional function for 1
Note, however, that in a concrete situation the choice of the value of d is determined by the constraint (1).
The European Parliament
For the European Parliament we have the following values of parameters: p = 412 970, M min = 6, P = 81 802 257, M max = 96, T = 501 103 425, S = 751, and N = 27. Assuming that the upper and the lower bounds are saturated, m = M min and M = M max we obtain ρ ≈ 3. 485 ≥ 3. 126 ≈ µ, so our choice of an allocation function is limited to concave functions. However, it follows from (21) that for the Parliament of size 703 or less we would have to find the solution of the apportionment problem in the realm of convex functions or otherwise to relax the constraints considering some M < M max . (Due to rounding, this number may be somewhat smaller, cf. Kellermann (2011) .) This means also that, in fact, we have currently only about fifty seats to allocate freely besides the linear (or, saying more precisely, affine) distribution.
Analyzing five families of allocation functions and three rounding methods we get fifteen possible solutions for the apportionment problem, see Tab. 2.
Observe that all these solutions are quite similar, which is a consequence of the fact that our choice is limited by two factors: the predetermined shape of the graph of an allocation function, and the fact that more than ninety percent of seats are in a sense distributed in advance. More precisely, the results for the parabolic, base+power, and homographic allocation functions are almost identical, whereas the choice of the base+prop functions is advantageous for large countries, and the choice of the piecewise linear functions seems to be beneficial for small countries.
The influence of the choice of a rounding method on the distribution of seats is a non-trivial mathematical problem even for proportional apportionment (Balinski & Young, 2001 , Janson, 2011 , where it was proven that, statistically, the rounding downwards is more often advantageous for large countries and the rounding upwards for small countries, see Schuster et al. (2003) , Drton & Schwingenschlögl (2005 ), Schwingenschlögl (2008 . In the case of the European Parliament one can observe a similar effect for the base+linear, parabolic, base+power and homographic functions, where the rounding downwards is the best possibility and the rounding upwards is the worst for large countries (from the Netherlands to France), whereas for small countries (from Malta to Austria) the situation is reversed. However, for the piecewise linear class we find completely different pattern, and so it is not clear to what extent this rule applies to degressively proportional apportionment.
As regards superproportionality, the base+prop method is superproportional in the 'affine' part of its domain, i.e. for all countries but the largest one, the piecewise linear method for all countries but two smallest ones, and the parabolic (resp. homographic) method are superproportional for small and medium countries and subproportional for large five (resp. six) ones.
The only one of the five methods that is superproportional in the whole domain p, P is the base+power method. In fact, we showed that this method is superproportional as long as d > d * , where d * is given by (23). In the analysed case d * ≈ 0. 524 and d = 0.865, 0.894, 0.922 depending on the rounding method chosen, so the condition is clearly fulfilled. Though it is not known whether superproportionality is what the authors of the Lisbon Treaty really intended, when they formulated the 'degressive proportionality' rule, we think that it is worth to realize that the base+power method fulfills it for all pairs, whereas the other methods can violate it for some countries. Thus base+power method is in a sense more degressively proportional, or one can say degressively proportional in more perfect way, than other methods analysed above. Incidentally, the base+power solution with c = 0.5 (the square root) results (with downward rounding) in a round number of 1000 members of the Parliament.
In Grimmett et al. (2011a) the authors decided to select the method called 'Cambridge Compromise', which is in this case equivalent to the base+prop method (as defined above) with the rounding to the nearest integer, mainly because of its obvious simplicity. However, this solution has been criticized for being 'not enough degressively proportional' (Moberg, 2011) and departing too much from the status quo. In Grimmett et al. (2011b) the solution very similar to the base+power method discussed here is considered 'as a step along a continuous transition from the negotiated status quo composition to the constitutionally principled Cambridge Compromise.' (Indeed this method is closest to the status quo out of all methods analyzed in Tab. 2.) The crucial point in these discussions seems to be the meaning of the term 'degressive proportionality'. Is it only a lame form of (pure) proportionality, as it was actually suggested 
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If we are looking for a degressively proportional (resp. degressively proportional and superproportional) and increasing function, in the log-log realm we have to find a function (resp. convex function) with the derivative contained between 0 and 1. Adding to this, three constraints related to the minimum and maximum number of seats and to the size of the House, we see that our choice is in fact very limited and all the solution satisfying these conditions must look quite similar -see Fig. 2 .
The key possibility to vary the allocation schemes considerably is to change the number M of the seats allotted to the largest member state. As specified in the Treaty of Lisbon the upper bound reads M max = 96, but this bound needs not to be saturated and one may also take M < M max . By doing so, one introduces more freedom into the space of possible solutions, as more seats can be allotted besides the affine distribution.
Note also that by extending the Union and keeping the number M fixed (which is, however, in the 'concave realm', doable only up to a certain total population of the Union), the seats for the new member states are donated by all but the largest state. If any further enlargement of the Union was performed according to this scheme, the ratio of the seats in the European Parliament allocated to the largest state would remain constant. In consequence, as the number N of the member states was increased, the voting power of the largest state in the European Union would grow.
These arguments show that the choice of the number M selected to design an allocation system is crucial. The issue: under what conditions the constraint M = M max should be relaxed seems to be equally important as the choice of the actual form of allocation function. As regards the latter, it is rather difficult task to distinguish in practice one of them. From an academic perspective, however, it would be interesting to base the solution of the 'degressive' allocation problem on an axiomatic approach, possibly considering some additional properties of allocation functions as concavity and superproportionality.
